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HOMOGENEOUS RICCI ALMOST SOLITONS 


E. CALVINO-LOUZAO, M. FERNAnDEZ-LOPEZ, E. GARCIA-RIO, R. 
VAZQUEZ-LORENZO 


Abstract. It is shown that a locally homogeneous proper Ricci almost 
soliton is either of constant sectional curvature or a product R x N(c), 
where N(c) is a space of constant curvature. 


1. Introduction 

A Riemannian manifold (M, g ) is said to be a Ricci soliton if there exists 
a vector field X on M satisfying the equation 

(1) C x g + p = \g 

where C denotes the Lie derivative, p stands for the Ricci tensor and A is 
a constant. Recently, a generalization of Equation (pQ) has been considered 
in [2D], allowing A to be a smooth function A € C°°(M). ( M,g,X , A) is said 
to be a Ricci almost soliton if the vector held X satisfies the Equation (0) 
for some function A. Since Ricci almost solitons contain Ricci solitons as 
a special case, we say that the Ricci almost soliton is proper if the soliton 
function A is non-constant. In the special case when the vector held X is the 
gradient of a function /, Equation (JT]) becomes Hf + p = A g (after rescaling 
of the potential function /), where Hf denotes the Hessian tensor, and one 
refers to (M, g, /, A) as a gradient Ricci almost soliton. 

Ricci almost solitons exhibit some similarities and striking differences 
when comparing with usual Ricci solitons. For instance no Kahler manifold 
admits proper gradient Ricci almost solitons m in opposition to the Ricci 
soliton case. We just refer to [2 000 EH EDI E5] for some generalizations 
of Ricci solitons and further references on Ricci almost solitons. 

Two basic problems in the study of Ricci almost solitons are to classify 
them under geometric conditions and to investigate whether a Ricci almost 
soliton is a gradient. An answer to the second question was given in 0 
Corollary 2], where it is shown that any compact Ricci almost soliton with 
constant scalar curvature is a gradient one. The geometry of Ricci almost 
solitons was investigated in the gradient case in [20], where complete Einstein 
gradient Ricci almost solitons were classihed. 

Our main purpose in this paper is to analyze the existence of Ricci almost 
solitons under some symmetry conditions by showing the following 

Theorem 1.1. A locally homogeneous Riemannian manifold ( M,g ) admits 
a proper Ricci almost soliton if and only if (M, g) is either a space of constant 
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sectional curvature or locally isometric to a product M x N(c), where N(c ) 
is a space of constant curvature. 

The situation is even more restrictive when gradient Ricci almost solitons 
are considered. We show in Lemma 12.31 that proper gradient Ricci almost 
solitons are locally irreducible, from where one immediately gets: 

Corollary 1.2. A locally homogeneous Riemannian manifold ( M,g ) admits 
a proper gradient Ricci almost soliton if and only if (M, g) is a space of non¬ 
zero constant sectional curvature. 

The above results are in sharp contrast with the Ricci soliton case. Recall 
that locally homogeneous gradient Ricci solitons are rigid [181 Theorem 1.1], 
i.e., they are isometric to a product manifold M = N xR 1 , where N is an 
Einstein manifold and the potential function of the soliton is given by the 
norm of the position vector in the Euclidean part. Also note that while 
there exist many non-gradient homogeneous Ricci solitons (cf. [T3| ITS] and 
references therein), the existence of proper Ricci almost solitons is a very 
restrictive condition in the homogeneous setting. 

A more general condition than local homogeneity is that of curvature 
homogeneity (i.e., for any two points p,q € M there is a linear isometry 
if pq : T p M —> T q M preserving the curvature tensor, i^* q R q = R v ). Any 
locally homogeneous Riemannian manifold is curvature homogeneous and 
conversely if ( M,g) is /c-curvature homogeneous (i.e., for any two points 
p,q € M there is a linear isometry ifj pq : T p M —> T q M preserving the cur¬ 
vature tensor and its covariant derivatives up to order k, , if* q 'V e R q = \7 £ R p , 
i = 0,..., k) for sufficiently large k , then (M, g) is locally homogeneous (see 
mm for more information). There are, however, curvature homogeneous 
Riemannian manifolds whose curvature tensor does not correspond to any 
homogeneous space. Curvature homogeneous gradient Ricci almost solitons 
are described in the following result, which generalizes Corollary 11.21 

Theorem 1.3. A curvature homogeneous Riemannian manifold ( M,g ) is 
a proper gradient Ricci almost soliton if and only if ( M,g ) is a space of 
non-zero constant sectional curvature. 

Due to the irreducibility of proper gradient Ricci almost solitons estab¬ 
lished in Lemma 12.31 a gradient Ricci almost soliton is rigid if and only 
if it is Einstein. The existence of complete Einstein proper gradient Ricci 
almost solitons which are not of constant sectional curvature (see [201 The¬ 
orem 2.3]) evinces the existence of some inaccuracies in [J Theorem 1], 
where it is claimed that any proper gradient Ricci almost soliton whose 
Ricci tensor is Codazzi (i.e., its covariant derivative is totally symmetric 
(Vjjfp)(Y, Z) = (Vyp)(X, Z )) is of constant curvature. Explicit examples of 
non-Einstein gradient Ricci almost solitons with Codazzi Ricci tensor can 
be constructed as follows. Let M = {x = (x\, ... ,x n ) € M n : x n > 0} and, 

4 

for n > 3, consider the metric g = (dxf + • • • + dx^)- Then the Ricci 
tensor is Codazzi but not parallel (cf. [12]) and a straightforward calculation 


HOMOGENEOUS RICCI ALMOST SOLITONS 


3 


shows that 


n+2 

(n- 2)xn~ 2 2nlog (x n ) 
f(x)= n + 2 + n + 2 


and 


9 n ~' 

X(x) —--r-1- 

(n — 2)x n n + 2 


define a gradient Ricci almost soliton on (M, g ). 

The above shows that, in contrast with gradient Ricci solitons (cf. [119] h 
gradient Ricci almost solitons whose Ricci tensor is Codazzi are not necessar¬ 
ily rigid, although they have constant scalar curvature. Hence we investigate 
some rigidity conditions as follows: 


Theorem 1.4. Let ( M,g,f,X ) be an n-dimensional gradient Ricci almost 
soliton with Codazzi Ricci tensor. 

(i) If (M,g) is radially flat (i.e., R {-, V/)V/ = 0), then it is a rigid 
gradient Ricci soliton. 

(ii) If V/ is an eigenvector of the Ricci operator with Ric(V/) = ^V/ 
then ( M,g ) is Einstein, where t denotes the scalar curvature. 


Finally some rigidity criteria are given for gradient Ricci almost solitons in 
terms of the Ricci curvatures. Recall that a complete gradient Ricci soliton 
is rigid if and only if the Ricci curvatures take values pi £ {0, A} [9]. Also, a 
gradient shrinking (resp., expanding) Ricci soliton is rigid if and only if the 
scalar curvature is constant and the Ricci curvatures are bounded 0 < pi < A 
(resp., A < pi < 0) [19]. These results extend to the gradient Ricci almost 
soliton setting as follows: 


Theorem 1.5. Let ( M,g,f,X ) be a gradient Ricci almost soliton. 

(i) If M is compact and the Ricci curvatures pi € {0,A}, then ( M,g ) is 
Einstein. 

(ii) If the scalar curvature is constant and 0 < pi < A, then the soliton 
function A is constant provided that it attains a global minimum. 

(iii) If the scalar curvature is constant and A < pi < 0, then the soliton 
function A is constant provided that it attains a global maximum. 

Remark 1.6. The results in Theorem 11.51 are still valid in the generic case 
of non-gradient Ricci almost solitons just assuming that they are either 
shrinking (i.e., the soliton function A > 0) or expanding (A < 0). 


2. Proofs 

Proof of Theorem 11.11 Let (M, g , X, A) be an n-dimensional proper Ricci 
almost soliton. If ( M,g ) is locally homogeneous, then for each point p £ M 
there exist a local basis of Killing vector fields {£i,..., £ n }. Taking the Lie 
derivative with respect to on the Ricci almost soliton equation, one gets 

dX{fi)g = C^flCxg + p) = C^Cxg 

= C x E^g + C [iuX \g = % t ,x]g ■ 

Hence, X g = [£, X] is a conformal vector field for each Killing vector held £ 
on ( M,g ). 

First of all, observe that if all vector fields X^ vanish, then dA(£) = 0 for 
all Killing vector fields and thus A is constant due to the existence of local 
bases of Killing vector fields by local homogeneity. In this case the Ricci 
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almost soliton becomes a Ricci soliton. Hence we assume that there exists a 
Killing vector field £ on (M, g ) such that Xg 7 ^ 0 is a non-Killing conformal 
vector held. 

In the special case that X g = [£,X] is a homothetic vector held (i.e., 
d\{£) = const.), hx a point p £ M and use a basis of Killing vector helds 
{£*} to express Xg(p) = YZg i^£e(p)- Then Z = Xg — Y2g is a homothetic 
vector held which vanishes at p € M. Since homothetic vector helds preserve 
the Ricci tensor (CzP = 0) and Z(p) = 0, one has that the eigenvalues of 
the Ricci tensor vanish at p G M. Hence ( M,g ) is Ricci hat and thus hat 
by local homogeneity [ 22 ] . 

Assume Xg is a non-homothetic conformal vector held with divergence 
divXg = t|c£A(£). Since X g is conformal, its local how consists of conformal 
transformations (which preserve the Weyl conformal curvature tensor of type 
(1,3)) and hence one has 


C x ,9 = l div(Xg) ff , jr X( W = 2 div(Xg) W 


where W denotes the Weyl conformal curvature tensor of type (0,4). Hence, 
we have 


Ag||W || 2 = Xzg(W,W) = (Cx e g)(W,W) + 2g(£x € W,W) 

= d\(£)g{W,W) +2nd\{£)g{W,W) = (2n + l)||W^|| 2 dA(0 . 


By local homogeneity, the norm of the Weyl conformal curvature tensor is 
constant on M, and thus ||IK || 2 = 0 since d\{£) 7 ^ 0. This shows that ( M,g ) 
is locally conformally hat and hence locally symmetric [23j . Therefore (M, g) 
is either of constant sectional curvature or a product M x N(c) where N (c) 
is a space of constant sectional curvature c, or a product N\ (c) x A' r 2 (—c). 

Finally observe that since any space of constant curvature M(c) is Ein¬ 
stein, Ricci almost solitons are nothing but conformal vector helds, which 
shows that M(c) is a Ricci almost soliton (see, for example [IT]) for any 
value of c G R. Moreover recall that the products M x N(c) are rigid gradi¬ 
ent Ricci solitons just considering the potential function / = ^( 7 tr) 2 , where 
7 Tr denotes the projection on M and the constant // is determined by the 
sectional curvature n = (n — l)c. Let Z be a non-homothetic conformal 
vector held on M x N(c) (i.e., Czg = -(di \ Z)g, with divZ 7 ^ const.) Then 
X = Z + ^V/ dehnes a Ricci almost soliton on R x ]V(c) since 



We finish the proof showing the non-existence of Ricci almost solitons in any 
product (c) x A^ 2 (—c) of two manifolds of opposite constant sectional 
curvature. Since A r i(c) x N 2 (—c) is locally symmetric, the Ricci tensor is 
parallel and thus any Ricci almost soliton satishes 


C-xg = Xg- p = Xg- {(m - l)cgi ® (1 - n 2 )cg 2 ) 


which shows that X is a conformal collineation (also called an affine con¬ 
formal vector held in the literature 0 ). Now it follows from [2TI Theo¬ 
rem 9] that A is a conformal vector held, which is a contradiction since 


N 1 (c) x N 2 (—c ) is not Einstein. 


□ 
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Remark 2.1. A vector field Z on a Riemannian manifold ( M,g ) is said to 
be an affine conformal vector field if 

(£ Z V)(A, Y ) = X(a)Y + Y(a)X - g(X, Y)Va , 

for some function a on M, and Z is said to be an affine vector field if 
CzY = 0. In this setting, it follows from [2TJ that if (M, g, X, A) is a Ricci 
almost soliton with parallel Ricci tensor, then X is an affine conformal vector 
field, which becomes an affine vector field if and only if the function A is 
constant. 

Now, work of Tashiro (see m) implies that a complete proper Ricci almost 
soliton (M, g, X, A) with parallel Ricci tensor is either Einstein or a product 
R fc x N, where N is an Einstein manifold. Moreover, in the later case the 
proper Ricci almost soliton decomposes as X = Z + f where (M, g, Z) is a 
Ricci soliton on R fc x N and £ is a conformal vector field as in the proof of 
Theorem 11.11 

The next lemma shows that any Einstein Ricci almost soliton decomposes 
as a sum of a gradient Ricci almost soliton and a conformal vector field, thus 
extending m Theorem 2.3] to the general non-gradient case. 

Theorem 2.2. ( M,g ) is a complete Einstein proper Ricci almost soliton if 
and only it is isometric (up to scaling) to: 

(i) § n or HP. 

(ii) R x exp N, where ( N,gx ) is complete and Ricci flat. 

(iii) Rx cos hIV ; where (N,gx) is a complete Einstein manifold with scalar 
curvature r/y = — 1. 

Proof. If a Ricci almost soliton Cx9 + p = Xg is Einstein, then A is a 
conformal vector field with divergence div X = ^(A — -). Moreover, since 
(XI, g) is Einstein, ip = ^divA = |(A — p) is a solution of the Obata’s 
equation H v + rpg = 0 (see, for example m)- If the Ricci almost soliton 
is proper (i.e., A f const.), then ip is non-constant and (M,g) is locally 
a warped product. Moreover it follows from previous work of Kanai HI 
Theorem G] that in the complete setting (M, g) is either a space of constant 
curvature or a special class of warped product as in (ii)-(iii). 

Conversely, if (M, g) is an Einstein manifold admitting a non-zero solution 
of the Obata’s equation H v + kp>g = 0, then it is a proper gradient Ricci 
almost soliton with potential function f = (p and A = - — kip, unless (M, g) 
is the Euclidean space (in which case / = p defines a steady gradient Ricci 
soliton on 1"). □ 


The non-existence of proper gradient Ricci almost solitons on R n is clar¬ 
ified by the following 

Lemma 2.3. Let ( M,g,f ,\) he a gradient Ricci almost soliton. If (M,g) 
admits a non-trivial local de Rham decomposition, then A is constant. 

Proof. Let ( M, g, f , A) be an n-dimensional gradient Ricci almost soliton, 
i.e., Hf + p = Xg. One has the following immediate consequences of the 
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equation (see for example mm i): 

A / + t = nX, 

iVr + Ric(V/) + VA/ = VA, 

R(X, Y, V/, Z) = ( V x p)(Y, Z) - (Vyp)(X, Z ) 

+ dX(Y)g(X, Z ) - dA(X) 5 (y, Z). 

Assume that (M, g) splits as a product M = M\ x M 2 , g = gi © 52 and take 
vector fields on M of the form A = (X\. 0). Y = (0. Y 2 ) and Z = (0, Z 2 ). 
Then, since both M\ and M 2 define parallel distributions on M, one has 
that R(X, Y, V/, Z) = 0 and (X x p){Y,Z) = 0 = (V Y p)(X,Z). Hence the 
third equation in Q gives 

0 = dX(Y)g(X,Z) - dX(X)g(Y, Z) = -dX(X 1 )g 2 (Y 2 , Z 2 ), 

from where it follows that the soliton function A is constant on M\. A 
completely analogous argument shows that A is also constant on M 2 and 
(M, g, f, X) becomes a gradient Ricci soliton. □ 

Remark 2.4. Observe that while proper gradient Ricci almost solitons are 
irreducible, there are non-irreducible examples in the non-gradient case as 
shown in Theorem ll.il 

Proof of Corollarv \ 1.2. Let (M,g,f, A) be a locally homogeneous proper 
gradient Ricci almost soliton. It follows from Theorem 11.11 that (M, g ) is 
locally symmetric and hence Einstein or a product of Einstein spaces. Ir- 
reducibility of proper gradient Ricci almost solitons shows that (M, g) is 
Einstein and thus of non-zero constant sectional curvature since it is locally 
conformally flat. □ 

Let pi,...,p n denote the Ricci curvatures (i.e., the eigenvalues of the 
Ricci operator defined by g(RicA, Y) = p(X,Y)). Clearly any curvature 
homogeneous Riemannian manifold has constant Ricci curvatures and hence 
constant scalar curvature. 

Theorem 2.5. Let ( M,g , /, A) be a proper gradient Ricci almost soliton. If 
the Ricci curvatures are constant then ( M,g ) is Einstein. 

Proof. Since the Ricci curvatures are assumed to be constant, in a suitable 
orthonormal frame one has Ric = diag[pi,..., p n \. Also, by [2fll Remark 2.5], 
dX A df = 0 and thus the soliton function A is a function of the potential 
function / in a neighborhood of any point p £ M where df 7 ^ 0. Henceforth 
set VA = <pV/, where <p = ± Cjjj is a smooth function. 

The weighted Laplacian of the scalar curvature of any n-dimensional gra¬ 
dient Ricci almost soliton (M, g, f, A) satisfies [20] 

(3) t^A/t = At — ||p|| J + (n — 1)AA . 

Since the scalar curvature r of the manifold is constant, the first and 
second equations in ([2]) imply that Ric(V/) = (1 — n)VA and therefore 
Ric(V/) = (1 — n)<pV/, thus showing that V/ is an eigenvector of the 
Ricci operator. By the constancy of the Ricci curvatures one has that <p is 
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constant so we may assume without loss of generality that (1 — n)<p = pi, 
from where A A = jf—Af. Now, Equation Q together with Equation (}2|) 
imply 

(4) 0 = ^A/r = At - ||p|| 2 + (n - 1)AA = At - ||p|| 2 - pi(nA - r). 

If t ^ npi, previous expression determines the soliton function as 

A = IIpII 2 - pi t 

t — np\ 

which shows that, in this case, A is constant and the manifold is a gradient 
Ricci soliton. 

Next consider the case r = np\. Then Equation ([H) becomes \\p\\ 2 = np\. 
Moreover, since r = Y^i=\ Pi = n Ph one gets Pn = {n~ l)pi — Y^i =2 Pii an d 
hence 

n n —1 / n —1 \ ^ 

npi = IIpII 2 = ^2 pi = ^2 pi + ( (n-l)p! - ^2 Pi ) . 

*= 1 i =1 V i =2 J 

A straightforward calculation shows that this equation is equivalent to 

n —1 /n—1 \ ^ 

^2(pi-pi) 2 + l^2(pi-pi)) =o, 
i =2 V *=2 / 

so we conclude that all the Ricci curvatures must be equal. Therefore, 
Ric = pi Id and (M, g ) is Einstein. □ 

Remark 2.6. Observe from dH) that a gradient Ricci almost soliton with 
constant Ricci curvatures satisfy 0 = Ajt = At — ||p|| 2 — p\(n\ — t) where 
pi is the (constant) eigenvalue corresponding to the eigenvector V/, and 
hence it is a gradient Ricci soliton if t ^ npi. Moreover, if t = npi, 
then j|p|| 2 = p \t = npi and it follows from the Schwarz inequality that 
||p|| 2 > — = npi. Hence ||p|| 2 = —, which provides an alternative proof of 
the fact that any proper gradient Ricci almost soliton with constant Ricci 
curvatures is Einstein. 

Proof of Theorem 1 1 .,‘4 Since (M, g ) is curvature homogeneous, the Ricci 
curvatures are necessarily constant and the gradient Ricci almost soliton 
(M, g , /, A) is either a gradient Ricci soliton or (M, g) is Einstein by Theo¬ 
rem [23J If ( M,g , /, A) is an Einstein gradient Ricci almost soliton, then V/ 
is a conformal vector field. Now it follows from the curvature homogeneity 
assumption that all the scalar curvature invariants which do not involve co¬ 
variant derivatives of the curvature tensor (like t, ||/9|| 2 , ||R|| 2 , ||fR|| 2 ) are 
constant on M. Hence (M, g) is locally conformally flat just proceeding as in 
the proof of Theorem II. 11 and thus of constant sectional curvature. Further 
the sectional curvature is non-zero by Lemma 12.31 □ 

Proof of Theorem Let (M, g, /, A) be a gradient Ricci almost soliton. As 
in the proof of Theorem 12.51 set VA = </?V/ for some function (p whenever 
V/ / 0. If p is Codazzi then, proceeding as in [5], the third equation in @ 
gives 

R(X, V/)V/ = <pg(Vf, V/)A - <^(V/, X)Vf , 



8 CALVINO-LOUZAO, FERNANDEZ-LOPEZ, GARCIA-RIO, VAZQUEZ-LORENZO 


from where it follows that the radial curvature satisfies K(X, V/) = —<p and 
the scalar curvature r is constant. Now, if (M, g , /, A) is radially flat, then 
ip = 0 and A is constant, thus resulting in a rigid gradient Ricci soliton m 
Theorem 1.2] proving the Assertion (*). 

In order to show ( ii ), assume tp ^ 0. Since p is Codazzi, we have that 

-IIV/II 2 = p(V/, V/) = -(n - 1MIV/II 2 

n 

from where r = n(l — n)(p, whenever V/ 7 ^ 0. This shows that <p is constant 
and taking divergences in the second equation in ([ 2 ]) one has 

(1 - n)ipAf = div(Ric V/) = -A/ - || H f - —g\\ 2 . 

n n 

Since r = n(l — n)ip one has that \\Hf — ^fg || 2 = 0, which shows that 
the Hessian operator is a multiple of the identity, and hence so is the Ricci 
operator, which proves that (M, g) is Einstein. □ 

Proof of Theorem \ 1.51 It follows from the assumption in Theorem I1.5H H 
that, if the Ricci curvatures take values pi £ {0, A}, then the scalar curvature 
is a multiple of A, r = kX, where k = rank(Ric). Hence Ar — ||/ 9|| 2 = 0 and 
thus Equation ([3]) implies that 

| A / A = \ A f T = ( n ~ !) AA > 

from where one has (k + 2 — 2n)A\ = kg(Vf, VA). Integrating the previous 
identity on M gives J AI g(V f,V A) = 0, and hence using Equation ([2]) we 
get 

0 = f AA/ = f A(nA — r) = (n — k) f A 2 , 

J M JM JM 

from where it follows that k = n and hence (M, g) is Einstein, thus showing 
Assertion (i). 

Next assume that the scalar curvature is constant and that the Ricci 
curvatures are bounded as 0 < p < A. Once again, the weighted Laplacian 
of the scalar curvature gives (cf. Equation ([3]) ) 

0 = \ A f T = Ar - IIpII 2 + ( n ~ !) AA . 

and thus 

(n — 1)AA = ||p || 2 — At = trace(Ric o(Ric —A Id)) < 0 . 

Now, if the soliton function A is non-negative, it is necessarily constant by 
the strong maximum principle, provided that it attains a global minimum 
on M, which shows Assertion (ii). The proof of Assertion (in) is completely 
analogous. □ 

Proof of Remark II. hi Let (M, g, X, A) be an n-dimensional compact shrink¬ 
ing or expanding Ricci almost soliton whose Ricci curvatures take values 
Pi £ {0, A}. Proceeding as in the proof of Theorem 11.51 the scalar curvature 
r is a multiple of the soliton function r = Arank(Ric). Tracing in ((TJ) one 
has t = A rank(Ric) = nX — 2 div X, and hence 

0 = 2 / divX = (n — rank(Ric)) / A 

JM JM 
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from where it follows that ( M,g ) is Einstein, and thus a Euclidean sphere 
jU Corollary 1], 

Assertion (ii) in Theorem 1 1.51 are also valid when the generic case of non¬ 
gradient Ricci almost solitons is considered. Take the A-Laplacian Axt/i = 
A ij’ — ( X, Vi/>) to compute (see, for example, p]) 



from where (n — 1)AA = ||p|| 2 — A r = trace(Ric o(Ric —A Id)) < 0. Then the 
constancy of the soliton function follows as an application of the maximum 
principle. Assertion (in) is also valid in the generic case, just proceeding in 


an analogous way. 


□ 


Remark 2.7. Let ( M,g , /, A) be a gradient Ricci almost soliton with con¬ 
stant scalar curvature r. Equation (J5J) implies that Ric(V/) = (1 — n)VA. 
Since A is a function of /, one has that VA G span{V/}, and thus V/ 
is an eigenvector of the Ricci operator. Hence, V/ is also an eigenvector 
of the Hessian operator, which shows that the integral curves of V/ are 
unparametrized geodesics in the constant scalar curvature setting. 
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